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STABILITY OF STREAMWISE VORTICES 
BY 
M. R.  Khorrami,l C. E. Grosch,* and R. L. -Ash3  
ABSTRACT 
A brief overview of some theoretical and computational studies of the  
The local induction model and s t a b i l i t y  of streamwise vortices i s  given. 
c lass ical  hydrodynamic vortex s t ab i l i t y  theories are discussed i n  some 
de ta i l .  The importance of the three-dimensionality of the mean velocity 
profile t o  the resu l t s  of s t a b i l i t y  calculations is  discussed br ie f ly .  
In this study the mean velocity prof i le  i s  provided by employing the  
s imi la r i ty  solution of Donaldson and Sullivan. 
and Morris was chosen f o r  the spatial  s t a b i l i t y  calculations f o r  the  non- 
l inear eigenvalue problem. In order to t e s t  the numerical method, a second 
order accurate central difference scheme was used t o  obtain the coeff ic ient  
matrices. I t  was shown tha t  a second order f i n i t e  difference method lacks 
the required accuracy f o r  global eigenvalue calculations.  
problem was formulated using spectral methods and a truncated Chebyshev 
ser ies .  
The global method of Bridges 
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1. INTRODUCTION 
The study o f  t h e  s t a b i l i t y  o f  streamwise v o r t i c e s  i s  an impor tant  and 
cha l l eng ing  problem. The breakdown o f  l ead ing  edge v o r t i c e s  on d e l t a  wings, 
which severe ly  reduces l ift, and t h e  ve ry  s t a b l e  wing t i p  v o r t i c e s  shed f rom 
l a r g e  commercial a i r c r a f t ,  which determine t h e  f l i g h t  frequency a t  a i r p o r t s ,  
are two c l a s s i c a l  examples. Meaningful experimental and computational work 
i s  r a r e  due t o  t h e  complex na ture  o f  t h e  phenomena, and t h e o r e t i c a l  stud.ies 
are incomplete. The complex i ty  stems f rom t h e  three-dimensional na ture  o f  
t h e  problem and hence t h e  necess i t y  o f  f i n d i n g  three-dimensional mean veloc- 
i t y  p r o f i l e s  which are so lu t i ons  o f  the Navier-Stokes equations. Most of 
t h e  s t a b i l i t y  c a l c u l a t i o n s  t o  da te  have used Lamb's vor tex  [Lamb, 19451, and 
i n  some cases a Long's vor tex [Long, 19581 o r  s o l i d  body r o t a t i o n  super- 
imposed on P o i s e u i l l e  f l o w  i n  a p i p e  as t h e  bas ic  unperturbed flow. Here we 
g i ve  a b r i e f  overview of some of t h e  more impor tant  t h e o r e t i c a l  and computa- 
t i o n a l  s tud ies  o f  these f lows. This rev iew i s  by no means exhaustive, b u t  
t h e  c i t e d  papers are those which we have judged most r e l e v a n t  t o  t h e  present  
research. 
The theo ry  o f  vor tex  s t a b i l i t y  o r  vo r tex  deformat ion has progressed 
i n  t w o  d i s t i n c t  d i r e c t i o n s .  I n  t h e  f i r s t  case one uses a loca l i zed- induc-  
t i o n  model f o r  an i n v i s c i d  incompressible vo r tex  [Hama, 19621. The second 
approach uses the  c l a s s i c a l  hydrodynamic s t a b i  1 i t y  theo ry  f o r  r o t a t i n g  
f l u i d s  and can be a t t r i b u t e d  t o  a paper o f  Howard and Gupta [1962] which 
conta ins  a genera l i za t i on  of a s t a b i l i t y  c r i t e r i a  pu t  forward b y  Lord 
Rayle igh [1916]. 
t heo r ies  s t a r t i n g  w i t h  the  l oca l i zed - induc t i on  model. 
I n  t h i s  sunmary, we w i l l  d iscuss t h e  development of bo th  
The deformation of a curved vortex f i l a m e n t  under i t s  own i n f l u e n c e  was 
f i r s t  ca l cu la ted  by  Hama [1962] using a l oca l i zed - induc t i on  model w i t h  t h e  
assumptions t h a t  t h e  l o c a l  rad ius  o f  cu rva tu re  i s  much g rea te r  than t i l e  
core  r a d i u s  and t h a t  t h e  vo r tex  f i lament  i s  unaf fec ted  by  t h e  events a t  
i n f i n i t y .  He used several i n i t i a l  two-dimensional shapes and found t h a t  i n  
every case t h e  r e g i o n  near t h e  ver tex o f  t h e  curve would l i f t  o f f  of t h e  
plane of t h e  i n i t i a l  curve causing a three-dimensional he1 i c a l  deformat ion 
t o  take  place. 
motion o f  t he  vor tex  f i l amen t  propagates away from t h e  ve r tex  and i t s  
ampl i tude increases as t h e  vor tex  l i f t s .  
The h e l i c a l  wave, which r o t a t e s  opposi te  t o  t h e  c i r c u l a t o r y  
Betchov [1965] extended Hama's work and der ived  t w o  equat ions descr ib-  
i n g  t h e  curva ture  and t o r s i o n a l  e f f e c t  o f  t h e  vor tex  f i l amen t .  A f t e r  l i n -  
uns tab le  i f  t h e  
us o f  curvature.  
1 ong wave 1 engt h 
e a r i z i n g  t h e  equations, he found t h a t  t h e  vo r tex  became 
p e r t u r b a t i o n  wavelength was > 2nR, w i th  R t h e  l o c a l  rad  
Th is  t y p e  o f  p e r t u r b a t i o n  i s  genera l l y  r e f e r r e d  t o  as a 
i n s t a b i l i t y .  
The work o f  Betchov was extended by  Widnal l  [1972] who considered t h e  
ef fect  o f  s inuso ida l  disturbances on a h e l i c a l  vor tex  f i l a m e n t  o f  f i n i t e  
co re  r a d i u s  and i n f i n i t e  extent .  She found t h a t  t h e  h e l i c a l  vo r tex  f i l amen t  
had t h r e e  d i s t i n c t  modes of i n s t a b i l i t y :  a very  sho r t  wave i n s t a b i l i t y  mode 
where the l o c a l  r a d i u s  o f  cu rva tu re  o f  t h e  h e l i x  was t h e  c h a r a c t e r i s t i c  
length; a low wave number mode which was found t o  be due t o  t h e  l oca l - i nduc -  
t i o n  ( t h i s  i n s t a b i l i t y  i s  t h e  same mode t h a t  was i d e n t i f i e d  by  Betcnov); and 
t h e  mutual inductance mode. The l a t t e r  mode se ts  i n  whenever t h e  successive 
t u r n s  o f  t h e  h e l i x  ge t  very  c lose  t o  each o ther .  
t h a t  inc reas ing  the  vor tex  core  s i ze :  ( 1 )  reduced t h e  a m p l i f i c a t i o n  r a t e  of 
t h e  l a r g e  wave i n s t a b i l i t y ;  ( 2 )  increased t h e  a m p l i f i c a t i o n  r a t e  o f  t h e  
mutual- inductance i n s t a b i l i t y ;  and (3)  decreased t h e  wave number o f  t h e  
short-wave mode. 
F i n a l l y ,  Widnal l  found 
2 
The hydrodynamic s t a b i l i t y  o f  a vor tex  was f i r s t  s tud ied  by Lord 
Rayleigh [1916]. 
sa ry  and s u f f i c i e n t  c o n d i t i o n  f o r  s t a b i l i t y  o f  an i n v i s c i d  vo r tex  w i thou t  
a x i a l  v e l o c i t y  was t h a t  t h e  square o f  c i r c u l a t i o n  must increase outwards. 
Much l a t e r ,  Howard and Gupta [1962] were ab le  t o  g i v e  a s u f f i c i e n t  c o n d i t i o n  
fo r  t h e  s t a b i l i t y  o f  an i n v i s c i d  vortex w i t h  a x i a l  v e l o c i t y  ( sub jec t  t o  
ax isynmetr ic  d is turbances) .  
I n  h i s  c l a s s i c a l  paper he was able t o  show t h a t  a neces- 
They found t h a t  f o r  s t a b i l i t y  t h e  l o c a l  va lue 
everywhere. Here r i s  t he  c i r c u l a t i o n  and W i s  t h e  a x i a l  v e l o c i t y .  
It i s  obvious f rom t h e  above c r i t e r i o n  t h a t  a x i a l  shear has a destabi -  
l i z i n g  e f f e c t .  For non-axisymnetric disturbances, Howard and Gupta found 
t h a t  a s u f f i c i e n t  c o n d i t i o n  f o r  s t a b i l i t y  was 
where 
1 d(r2V2)  
7 d r  
4 5  
and V i s  t h e  t a n g e n t i a l  v e l o c i t y ,  and a and n are t h e  a x i a l  and azimuthal 
wave numbers, r e s p e c t i v e l y .  They s tated t h a t  t h e  above c r i t e r i o n  i s  always 
v i o l a t e d  f o r  s u f f i c i e n t l y  small  a ,  and w h i l e  t h i s  does no t  imp ly  i n s t a b i l -  
i t y ,  i t  has l e d  them t o  suggest t h a t  no general necessary and s u f f i c i e n t  
c r i t e r i o n  i s  obta inable.  
Using t h e  equat ion f o r  t h e  r a d i a l  ampli tude o f  d is turbances der ived  by 
Howard and Gupta, Pedley [1968] has shown t h a t  f o r  a ve ry  small Rossby 
3 
W 0 , where SI i s  t he  angular v e l o c i t y )  t he  f low i s  uns tab le  t o  
2nr 0 
number (E 
non-axisymmetric i n v i s c i d  disturbances o f  s u f f i c i e n t l y  l a r g e  a x i a l  wave- 
length.  He found t h a t ,  although both s o l i d  body r o t a t i o n  and P o i s e u i l l e  
f low i n  a p i p e  are s t a b l e  with respect t o  i n f i n i t e s i m a l  disturbances, t h e  
superimposed combined f l ow  (which i s  a h e l i c a l  vor tex)  i s  h i g h l y  uns tab le  
w i t h  t h e  negat ive azimuthal wavenwnbers as t h e  dominant uns tab le  modes. 
These d is turbances are h e l i c a l  i n  shape, wrap around t h e  h e l i c a l  vor tex  i n  
t h e  oppos i te  d i r e c t i o n  and are e i t h e r  s tanding waves o r  are t r a v e l i n g  up- 
stream. 
where E i s  t h e  Rossby nunber and n i s  t h e  angular v e l o c i t y  of t h e  p i p e  w a l l .  
I n  a fo l low-up paper, Pedley [1969] has shown t h a t  f o r  viscous, r o t a t i n g  
P o i s e u i l l e  f low t h e  c r i t i c a l  Reynolds nunber, Re, has a va lue of 82.9 
corresponding t o  n = 1. 
of azimuthal wave nunber, n, increases. The d is turbances are  s t a t i o n a r y  
The growth r a t e  o f  t h e  most r a p i d l y  growing d is turbance i s  ~ E Q ,  
The c r i t i c a l  Reynolds number increases as t h e  va lue  
t h e  Reynolds number 
ng d is tu rbance a l so  
r e l a t i v e  t o  t h e  r o t a t i n g  frame o f  reference, 




Maslowe [1974] has s tud ied  t h e  sane f l o w  f i e l d  
w i thout  making an assumption as t o  the magnitude o f  
as t h a t  o f  Pedley [1968] 
t he  Rossby number. He 
has shown t h a t  t h e  most unstable modes nave negat ive  azimuthal wave nunbers. 
They s p i r a l  i n  t h e  same d i r e c t i o n  as t h e  bas ic  f l ow  r o t a t i o n  (no te  t h i s  i s  
i n  c o n t r a d i c t i o n  t o  Pedley's f i n d i n g  and i s  caused by  d i f f e r e n t  i n t e r p r e t a -  
t i o n s  o f  what d i r e c t i o n  a wave w i t h  negative azimuthal wave number s p i r a l s )  
a x i a l  phase speed 
wave number of t h e  
nunber E o f  O ( 1 )  w h i l e  
>2 a t  f i n i t e  values of 
b u t  propagate upstream i n  t h e  a x i a l  d i r e c t i o n  w i t h  an 
O ( 8 - l ) .  Also, t h e  amp l i f i ca t i on  f a c t o r  and t h e  a x i a l  
f a s t e s t  growing d is turbance peaked a t  a f i n i t e  Rossby 
t h e  growth r a t e  showed l i t t l e  v a r i a t i o n  w i t h  n f o r  I n  
E .  
4 
The s t a b i l i t y  of t h e  mean v e l o c i t y  p r o f i l e  o f  a t r a i l i n g  l i n e  vor tex  
(Batche lo r  [1964]) was s tud ied  by  Lessen, Singh, and P a i l l e t  [1974] i n  a 
s tudy o f  t h e  i n v i s c i d  s t a b i l i t y  o f  s w i r l i n g  f l ows  w i t h  respec t  t o  i n f i n i t e s -  
imal n o n - a x i s p n e t r i c  disturbances. It was found t h a t  negat ive  azimuthal 
wave nunbers are d e s t a b i l i z e d  by t h e  a d d i t i o n  o f  s w i r l .  Lessen, e t  a l .  
discovered t h a t  t h e  s t a b i l i t y  o f  t h e  vor tex  i s  ve ry  dependent on t h e  va lue  
of q, where q i s  g iven by  'o_ w i t h  U s  and rs t h e  s c a l i n g  f a c t o r s  f o r  t h e  
"sr s 
v e l o c i t y  and r a d i a l  coordinate, respec t i ve l y  and ro  t h e  constant  c i r c u l  a t i o n  
a t  l a r g e  r a d i a l  d is tance r o .  A l l  wavelengths appear t o  become damped, and 
t h e  f l o w  completely s t a b i l i z e d  a t  a value o f  q s l i g h t l y  g rea te r  than 1.5. 
Using a f i n i t e - d i f f e r e n c e  method, Duck and Foster [1980] have solved e x a c t l y  
t h e  same proolem as t h a t  o f  Lessen e t  a l .  [1974] and obta ined s i m i l a r  
r e s u l t s .  However, they  found t h a t  the number o f  unstable modes i s  d i r e c t l y  
dependent on t h e  nunber o f  g r i d  points, N, so t n a t  as N increases t h e  nunber 
o f  uns tab le  modes increases as we l l .  One has t o  be skep t i ca l  about t h i s  
d and f i n d i n g  s ince  t h e  nunber o f  unstab 
grow w i thou t  bound. 
Fo l l ow ing  t h e i r  e a r l i e r  work, 
e modes should n o t  depend on t h e  g r  
Lessen and P a i l l e t  [1974] perforined a 
They obta ined viscous s t a b i l i t y  c a l c u l a t i o n  fo r  a t r a i l i n g  l i n e  vor tex .  
s i m i l a r  r e s u l t s  t o  those o f  Pedley [1969] which i n d i c a t e d  t h a t  t h e  c r i t i c a l  
Reynolds number increases as In1 increases. Thei r  c a l c u l a t i o n s  o f  n e u t r a l  
s t a b i l i t y  curves showed t h a t  t h e  values o f  t h e  c r i t i c a l  wavelength and 
c r i t i c a l  Reynolds number are no t  very s e n s i t i v e  t o  t h e  exact va lue o f  q; 
and a t  l a r g e  q a l l  o f  t h e  uns tab le  modes are  s t a b i l i z e d  f o r  any wavelength 
and Reynolds number. 
5 
Although these c a l c u l a t i o n s  are valuable, they  do n o t  c o n s t i t u t e  a 
systematic study o f  t h e  e f f e c t s  of d i f f e r e n t  boundary cond i t i ons  and mean 
v e l o c i t y  p r o f i l e s  on t h e  s t a b i l i t y  o f  the vor tex.  The need f o r  such a sys- 
temat ic  s tudy i s  t he  r a t i o n a l e  behind the present research. I n  t h i s  s tudy 
t h e  e f f e c t  o f  such paraneters as mean v e l o c i t y  p r o f i l e ,  vor tex  Reynolds 
r dP 
number - , and a x i a l  pressure grad ien t  - on vor tex  s t a b i l i t y  w i l l  be con- 
V dz 
sidered. We are going t o  examine the  spa t ia l  s t a b i l i t y  o f  a r a t h e r  general 
c l a s s  o f  laminar  incompressible v o r t i c e s  i n  t h e  contex t  o f  l i n e a r  theory.  
2. MATHEMATICAL FORMULATION OF THE STABILITY PROBLEM 
2.1 Mean Ve loc i ty  P r o f i l e  
The s i m i l a r i t y  s o l u t i o n  f o r  porous p ipe  f l o w  due t o  Donaldson and 
S u l l i v a n  [1960] has been se lected as the  mean v e l o c i t y  p r o f i l e .  
one might argue t h a t  t h i s  s i m i l a r i t y  s o l u t i o n  i s  f o r  con f ined f l o w  and i t s  
r e l a t i o n  t o  the  unconfined f l o w  o f  l ong i tud ina l  v o r t i c e s  i s  no t  an obvious 
Although 
one, t h e  weal th  of d i f f e r e n t  s o l u t i o n s  poss ib le  ( rang ing  from a s i n g l e  c e l l  
vor tex t o  m u l t i p l e  c e l l  v o r t i c e s )  make the s e l e c t i o n  a reasonable choice. 
Th is  m u l t i p l i c i t y  i n  t h e  core o f  some vo r t i ces  has been shown experitnental- 
ly, (Adams and Gilmore [1972]). 
o rder  f o r  a vor tex  t o  become unstable, large g rad ien ts  i n  t h e  a x i a l  d i r e c -  
t i o n  must develop (Graham and Newman [1974], Leuchter and Solignac [1983]). 
They have shown t h a t  t h e  t r a n s i t i o n  o f  the a x i a l  v e l o c i t y  p r o f i l e  f rom a 
s t rong j e t  t o  a s t rong wake p lays  a dominant r o l e  i n  t h e  l o s s  o f  s t a b i l i t y  
of these vo r t i ces .  
show s i m i l a r  behavior. 
These experiments a l so  i n d i c a t e  t h a t  i n  
Therefore any v e l o c i t y  p r o f i l e  se lec ted  f o r  study should 
The mean v e l o c i t y  p r o f i l e s  which we have se lec ted  f o r  study are of t h e  
form 
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U = U ( r )  
V = V(r )  
w = zW(r) 
where, U, V, and W are r a d i a l ,  tangent ia l ,  and a x i a l  v e l o c i t i e s ,  respec t i ve -  
ly, and r i s  t h e  d is tance i n  t h e  r a d i a l  d i r e c t i o n .  Note t h a t  t h e  f l o w  
undergoes 1 inear  acce le ra t ion  i n  t h e  streamwise d i r e c t i o n .  
feature, we bel ieve,  may s t r o n g l y  e f f e c t  t h e  s p a t i a l  s t a b i l i t y  o f  v o r t i c e s .  
F igures  1 thru 3 show t h r e e  sample mean v e l o c i t y  p r o f i l e s  obta ined 
This i n t e r e s t i n g  
us ing  Donaldson and S u l l i v a n ' s  s i m i l a r i t y  so lu t i on .  The s i m i l a r i t y  of t h e  
t a n g e n t i a l  v e l o c i t y  i n  Figs. IC and 2c t o  t h a t  o f  Lamb's vor tex  i s  note- 
worthy. 
m u l t i p l e  c e l l  v o r t i c e s  w i t h  j e t  l i k e  and wake l i k e  a x i a l  v e l o c i t y ,  respec- 
t i v e l y .  It i s  impor tant  t o  no te  t h a t  t h e  t r a n s i t i o n  o f  a vor tex  core  from a 
j e t  f l o w  t o  a wake type can be simulated step by  step by changing a few 
parameters i n  t h e  s i m i l a r i t y  so lu t ion .  
F igures 2b and 3b represent  t h e  mean v e l o c i t y  p r o f i l e s  of tvJo 
2.2 Per tu rba t ions  o f  t h e  Governing Equations 
C y l i n d r i c a l  coord inates (r, e, z) have been chosen as t h e  coord ina te  
The equations o f  motion i n  c y l i n d r i c a l  coord ina tes  are: System. 






F i g .  1. a )  Radial velocity vs. radial distance, b) Axial velocity vs. 
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Fig. 2. a )  Radial velocity vs. radial  distance, b )  Axial velocity vs. 
radial  distance,  and c )  Tangential velocity vs. radial  distance.  
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( 3  i 
z-momentum 
where 
The perturbed f l o w  var iab les  i n  these coord inates are assumed t o  be o f  
t h e  form: 
u '  = U(r) + u 
v '  = V(r) + v 
w '  = W(r,z) + w 
P'  = P(r,z) + P 
(5  i 
where u, v, w, and p are t h e  per tu rba t ions  i n  the  v e l o c i t i e s  and t h e  pres- 
sure. These q u a n t i t i e s  are assuned t o  have a h e l i c a l  wave form: 
(6 1 i ( a z  + ne - u t )  b, v, w, PI = W r ) ,  N r ) ,  H ( r ) ,  P ( r > )  e 
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Here, F, G, H, and P are t h e  pe r tu rba t i ons  amplitudes which are func- 
t i o n s  of r a d i a l  p o s i t i o n  only, a i s  the wave number i n  the  a x i a l  d i r e c t i o n ,  
n i s  t h e  wave nunber i n  t h e  azimuthal d i r e c t i o n ,  and o i s  t h e  frequency o f  
o s c i l l a t i o n .  
o f  n equal t o  zero corresponds t o  t h a t  o f  ax isynmetr ic  d is turbances and 
p o s i t i v e  and negat ive i n tege rs  represent d i f f e r e n t  d i r e c t i o n s  o f  propaga- 
t i o n .  
c i r c u l a t o r y  motion o f  t h e  vo r tex  while a negat ive  va lue  i n d i c a t e s  t h a t  t h e  
wave s p i r a l s  opposi te  t o  t h e  c i r c u l a t o r y  motion. 
For a s i n g l e  valued so lu t ion ,  n must be an i n tege r .  The case 
For  p o s i t i v e  n, t h e  h e l i c a l  wave s p i r a l s  i n  t h e  same d i r e c t i o n  as t h e  
S u b s t i t u t i n g  i n t o  the  equations o f  mot ion and neg lec t i ng  t h e  second 
o rde r  terms, we o b t a i n  t h e  small  d is turbance equations 
c o n t i n u i t y  
r-momen t urn 
e -momentum 
,+ ,+ -- + - - 
a r  r r a0 az au av  a w  - 0, ( 7 )  
12  
z-moment um 
The boundary conditions at the outer wall are 
at r = R, 
and on the centerlinel 
a t r = O  
u = o  
v = o  
w = o  
p = o  
a e  r+O 
aP l i m  - = 0 
ae r+O 
+ 
where q is the total velocity vector. 
Substitution o f  the perturbation Eq. (6) into the linearized momentun 
These equations results in four equations for the disturbance amplitudes. 
equations in non-dimensional form are: 
continuity 
F nG F'+, + + a H = O  
r r 
lWe are very grateful to Dr. M. Y .  Hussaini of the Institute for Computer 
Applications in Science and Engineering for mentioning this simple yet very 
powerful way o f  determining the boundary conditions on the centerline. 
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r-momen t um 
iF" 1 dU nV i n2 - - + i [ u - -IF# + [U + i -- -- aW + - (- 
Re Re r dr r Re r2 
+ a2 + -)] 1 F + [- i2n - -1 2v G + PI = 0 
r2 Re r2 r 
8 -moment urn 
- - G " + [ U -  1 1 ] GI + [ - i ~ + - + i a W + - + - ( -  i nV u 1 n2 
Re Re r r r Re r2 
= 0 (15) + a2 + -)] G + r i - + - + - ] F + -1 dV 2n iV 
r* dr Re r2 r r 
z-momentum 
+ a2)] H + i - aw F t iaP = 0 
ar 
where Re is the Reynolds number based on pipe radius Ro and prime denotes 
differentiation with respect to the radial coordinate. The boundary con- 
ditions at r = R, are: 
F ( R o )  = G(Ro) = H(R0) = 0. 
P' (Ro ) = Normal momentum at R o  . 
The derivation of conditions on the centerline is not simple or 
straight forward and deserves a ful ler explanation. 
ditions (12), we need to consider only the perturbation part of the velocity 
since the mean velocity profile is independent of the azimuthal direction. 







Assuming t h a t  t h e  t o t a l  pe r tu rba t i on  v e l o c i t y  f i e l d  i s  represented by G, we 
have: 
a + + + - =  af - ( u  er + v ee + we,) 
ae ae 
o r  
dgr d 4  a w  + dz , 
au + av e + w - .  
d e  Z de ae e + - ae ae de ae 
l i m  - aS - 
r + O  
But i n  cy1 i n d r i c a l  coordinates (Appendix 2, Batchelor [1967]) 
S u b s t i t u t i n g  f o r  t he  v e l o c i t i e s  from (6)  and eva lua t ing  the  d e r i v -  
a t ives,  we deduce 
af -+ 
ae 
l i m  - = (-nF-G) e, + ( i F  + inG) 'ee + inH b,  = 0 
r+O 
I n  order f o r  t he  e q u a l i t y  t o  hold, each component o f  t he  r e s u l t a n t  vec to r  
must be zero. S i m i l a r l y ,  t he  l i m i t i n g  process app l ied  t o  t h e  pressure leads 
t o  
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l i m  - aP = inP . 
r+O a e  
I n  summary, we have a t  r = 0, 
n F + G = O  
F + n G = O  
nH = 0 
n P = O  . 
The above cond i t ions  depend on the  value o f  t h e  azimuthal wave number, n, 
such t h a t  
I f  n = O  
If n = + l  
F(0) = G(0) = 0 
H(0) & P(0) are f i n i t e  
F(0) f G(0) = 0 
H(0) = P(0) = 0 
F(0) = G(0) = 0 
H(0) = P ( 0 )  = 0 . If In1 > 1 
Due t o  the  extreme complex i ty  of t h e  Eqs. (13) - (16)  no attempt was 
made t o  reduce t h e  above system i n t o  a s ing le ,  s i x t h  order  o rd ina ry  d i f f e r -  
e n t i a l  equation. 
t h e  problem numer ica l ly .  
We b e l i e v e  t h a t  t h i s  would be o f  no grea t  va lue i n  s o l v i n g  
2.3 Proposed Numerical Scheme 
The system o f  Eqs. (13)-(16) can be represented i n  a compact vec tor  
16 
form as: 
L(a)  A = o 
with 
and 
Do, D i ,  and 02 are d i s c r e t i z e d  versions o f  t h e  d i f f e r e n t i a l  operator  
mat r ices .  
i s  c a l l e d  a Lambda-matrix (Lancaster [1966]). 
This  t ype  o f  operator  (where t h e  eigenvalue appears n o n l i n e a r l y )  
It was decided t o  use t h e  method o f  Bridges and IYorris [1984] t o  so lve  
The advantages o f  choosing t h e i r  t h i s  nonl inear  m a t r i x  eigenvalue problem. 
method are  th ree fo ld .  (1) It i s  a global eigenvalue scheme. Th is  i s  c l e a r -  
l y  an advantage because t h e  a v a i l a b i l i t y  o f  an i n i t i a l  guess f o r  a shoot ing 
method i s  no t  needed. 
u n t i l  a des i red  accuracy i s  reached, by any l o c a l  i t e r a t i v e  scheme once t h e y  
are  obtained. (2)  The method i s  robust. I n  some cases i n f i n i t e  eigenvalues 
are encountered, and i n  such instances, t h e  remainder o f  t h e  eigenvalues are 
obta ined w i thou t  any d i f f i c u l t y .  
a v a i l a b l e  i n  any mathematical software l i b r a r y .  I n  p a r t i c u l a r  t h i s  i s  t r u e  
f o r  t h e  complex ve rs ion  o f  t h e  QZ r o u t i n e  which i s  t h e  h e a r t  o f  t h e  present  
scheme. 
O f  course these g l o b a l  eigenvalues can be r e f i n e d  
(3 )  Most o f  t h e  subrout ines needed are 
The method can be descr ibed q u i t e  b r i e f l y .  F i r s t  t h e  d i s c r e t e  opera tor  
L(a) i s  f ac to red  such t h a t  
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L(a)  = [Doa + DoY + D i ]  [Ia - Y ]  + DoY2 + D I Y  + D2. ( 2 3 )  
where I i s  t h e  i d e n t i t y  ma t r i x  and the Y m a t r i x  i s  r e f e r r e d  t o  as t h e  r i g h t  
so l ven t  (Gantmacher, 1959). 
(22), one must have 
NOW, i n  order t h a t  (23) be cons is ten t  w i t h  
o r  
M u l t i p l y i n g  Eq. (25)  b y  a and subt rac t ing  from Eq. ( 2 2 )  y i e l d s  
Since a i s  an a r b i t r a r y  sca la r  m u l t i p l i c a t i o n  fac to r ,  i n  general 
and Eq. ( 2 4 )  must be sa t i s f i ed .  Therefore from t h e  above f a c t o r i z a t i o n ,  i t  
i s  obvious t h a t  what we must f i n d  i s  t he  r o o t  ma t r i x  o f  t h e  m a t r i x  po ly -  
nomi a1 
DoY2 + D i Y  + D2 = 0 
This  can e a s i l y  be accomplished through an i t e r a t i v e  procedure. 
subset o f  t h e  eigenvalues o f  L(a)  i s  g iven by t h e  s e t  o f  eigenvalues of Y 
Then a 
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Fig.  4. Flow c h a r t  f o r  the  numerical scheme used i n  t h i s  i n v e s t i g a t i o n .  
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Is Max. R, Groator 
than Toloranco 
' I  No 
- -  
11 
Subroutin. E Using 
QZ Routino from IMSL 
~ a ~ c u ~ a t o  m * s  from IIW-Y] 
which shows t h e  steps needed t o  f i n d  a s i n g l e  so lu t i on .  
d e s c r i p t i o n  of t he  method and i t s  implementation, t h e  reader i s  re fe r red  t o  
t h e  paper o f  Bridges and Mor r i s  [1984]. 
For a f u r t h e r  
3. TEST PROBLEMS 
3.1 Ca lcu la t i on  o f  t h e  Matrices and Test ing o f  t h e  A lgor i thm 
P r i o r  t o  t h e  implementation of the d i f f e r e n c e  scheme, t n e  a lgo r i t hm was 
Th is  problem checked us ing  a problem w i t h  known eigenvalues as a t e s t  case. 
was taken from Gregory and Karney [1969], and along w i t h  i t s  eigenvalues i s  
g iven i n  Table 1. 
i n  Table 2. 
l o g i c a l  e r r o r .  
The c o r r e c t  eigenvalues were obta ined and are tabu la ted  
F ind ing  t h e  r i g h t  values assured us t h a t  t h e  coding was f r e e  of 
It i s  we l l  known t h a t  spec t ra l  methods are e f f i c i e n t  methods f o r  solv- 
i n g  eigenvalue problems. 
c a l c u l a t i o n  of t h e  l i n e a r  s t a b i l i t y  o f  these types o f  s w i r l i n g  f l ows  spec- 
t r a l  c a l c u l a t i o n s  are ve ry  accurate. Because the re  are no r e s u l t s  a v a i l a b l e  
w i t h  which t o  compare our r e s u l t s  ( f o r  t h e  s t a b i l i t y  o f  v e l o c i t y  p r o f i l e s  
due t o  Donaldson and Su l l i van ) ,  it seemed des i rab le  t o  so lve t h e  above 
m a t r i x  eigenvalue problem us ing  two independent formulat ions.  
decided t h a t  i n  order t o  o b t a i n  an approximate est imate o f  t he  eigenvalues, 
f i n i t e  d i f f e r e n c i n g  o f  t h e  operator  matr ices would be employed. 
approximate values could then be used t o  cross check t h e  eigenvalues found 
b y  a spec t ra l  method. Th is  was done bu t  pe r iphe ra l  problems were encounter- 
ed r e l a t i n g  t o  d i f f i c u l t i e s  w i t h  convergence ( a c t u a l l y ,  lack  o f  convergence) 
of t h e  so lu t i on .  
r a c y  o f  t h e  f i n i t e  d i f f e rence  approximation. 
P o i s e u i l l e  f low i n  concent r i c  cy l i nde rs  and i s  described i n  sec t i on  3.2. 
Metca l fe  and Orszag [1973] have shown t h a t  f o r  
It was 
These 
A new t e s t  problem was chosen i n  o rder  t o  check t h e  accu- 
This problem i s  t h a t  of 
A f t e r  c a r e f u l  examination, we found t h a t  t h e  lack  o f  convergence o f  t h e  
20 
Table 1. M a t r i x  used as a t e s t  problem. 
5 +  5 i  -6 - 6 i  
6 + 1 O i  -5  - 5 i  
3 +  3 i  -1 + 3 i  
2 +  2 i  -3 - 3 i  
-7 - 7 i  
-6 - 6 i  
-5 - 5 i  
4 i  
Eigenvalues: 
A i  = 1 + 5 i  
Aq = 2 + 6 i  
A3 = 3 + 7 i  
A, = 4 t 8 i  
Table 2. Calculated eigenvalues using t h e  method o f  Bridges and Mor r is .  





2 1  
d i f fe rence s o l u t i o n  was dependent on a nunber o f  f a c t o r s  (see Appendix A )  
namely, boundary cond i t ions  on the center l ine ,  number o f  g r i d  po in ts ,  and 
second order  accuracy. 
an ana lys is  o f  some o f  the  above mentioned f a c t o r s  was poss ib le  i n  a sho r t  
t ime  and a t  t he  sane t ime t h e  problem had t o  have been solved Oy o the r  work- 
ers  t o  enable a comparison. 
Therefore, a model problem had t o  be chosen so t h a t  
The temporal s t a b i l i t y  o f  P o i s e u i l l e  f l o w  i n  an annulus was p icked t o  
be t h e  model problem used f o r  t es t i ng .  
3.2 Temporal S t a b i l i t y  o f  P o i s e u i l l e  Flow i n  Concentr ic Cy1 inders  
For t h i s  problem t h e r e  are no e f f e c t s  o f  t h e  c e n t e r l i n e  boundary con- 
d i t i o n s  because t h e  no-sl i p  c o n d i t i o n  appl i e s  a t  bo th  boundaries. Fur ther -  
more, t h e  c o n t i n u i t y  equat ion along with the  pressure terms were staggered 
} w h i l e  t h e  momentum equations j+1/2 and evaluated a t  t h e  se t  o f  p o i n t s  { r  
were evaluated a t  t he  se t  o f  p o i n t s  { r . / .  
between zero and N, where N spec i f i es  t h e  t o t a l  number o f  nodes. 
Here t h e  index j takes on values 
J 
The g r i d  
p o i n t s  were d i s t r i b u t e d  un i fo rmly  over t h e  gap d is tance and no attempt was 
made t o  concentrate o r  s t r e t c h  them. Therefore, t he  on ly  f a c t o r s  i n f l uenc -  
i n g  accuracy t h a t  we had t o  deal w i t h  were t h e  nunber o f  g r i d  p o i n t s  and t h e  
second order  c e n t r a l  d i f f e r e n c i n g  scheme. 
3.2a Mean V e l o c i t y  P r o f i l e  
The mean v e l o c i t y  p r o f i l e  f o r  P o i s e u i l l e  f l ow  i n  an annulus i s  
u = o  
v = o  
W = W(r) 
where, i n  non-dimensional form, W i s  given by 
1 - r2 + r 2  an r 2  
1 - r2 + r2 an r 2  
w -  M - -  
wM M rvl M 
The non-d imensional izat ion has been done w i t h  respect  t o  t h e  maximum 
v e l o c i t y  and t h e  h a l f  gap d i s tance  (see equations 9B and 4B i n  Appendix B ) .  
A d e t a i l e d  d e r i v a t i o n  o f  t h i s  v e l o c i t y  p r o f i l e  can be found i n  Appendix 
B. 
3.2b Governing Equations 
It i s  obvious from the  form o f  the mean v e l o c i t y  p r o f i l e  t h a t  t h e  
equ iva len t  o f  Eqs. (13) - (16) i s  much s imp ler  due t o  t h e  absence of bo th  
r a d i a l  and tangen t ia l  v e l o c i t y  components. The equations are: 




- + F a  + - + a H = d  
r-moment um 
i i i n2 1 i 2n 
Re Re r Re r2 r 2  Re r2 
- - F" - - F' + [o - aid + - (-+ a2 + -)] F + - G + P '  = 0 (29) 
e-momentum 
i n  F + - P  = 0 + -  2n 
Re r2 r 
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z-momentum 
- - H" - - 1 H I  + /-io + iaW + '1 (5 + a2)J H + i - dw F + iaP = 0. (31) 1 
Re Re r Re r2 dr 
Employing a second order accurate central differencing technique for the 
derivatives, the discretized equations are 
F .  + F F - F  
J J-1 + j j-1 + n a (Gj + G ~ , ~ )  + - (t i j  + H ~ , ~ )  
2r j- 1 /2 Ar 2r j -112 2 
* 
+ Y W P j  = 0 
i. Fj+l - 2F. + F J j - lI  - i  Fj+l - F j - l I  
+ [ w  - aiJ 
j - - I  + - [  Re A r2 Re r i  2Ar * * J 
i n2+1 i 2n "j+1- "j 
+-(-+a2)] F . +  G . + [  J = o  Re rj* Re rj2 J Ar 
1 G j + l  - 26. + G - G  - - r  J j-11 + -1  Gj+l '-11 + c -  iw + iaW 
j 2Ar 
j Re A r2 Re r 
1 n2+1 2n in * * 
+-(-+a2)] G .  +-F. + -  [Pj+l+ P . ]  = o Re r 2 R e r 2  2rj J 
j j 
H j + l  - "j-lI 
+ [ -  i w  + i aW 
j J + -  2Ar -l [ 
1 -4 H j + l  - 2Hj + H j - 1  
j Re A r2 Re r 
1 (n2 dW ia * * 
+ - - + a2)] H.  + i (-). F .  + - (Pj+l+ P j )  = 0 
iie rj2 J d r J  J 2 
i32)  
( 3 3 )  
(34)  
(35 )  
where asteri sks denote mi d-cel 1 Val ues. The boundary conditions 
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G(a) z Go - 0  
H(a) E Ho = 0 
G(b) z GN = 0 
H(b) = HN = 0 
No s l i p  
where a and b are t h e  r a d i u s  o f  i nne r  and ou te r  wal ls,  r e s p e c t i v e l y .  Note 
t h a t  t h e  term ywP has been added i n  Eq. (32). Th i s  makes t h e  c o e f f i c i e n t  
m a t r i x  o f  omega non-singular. 
* 
j 
Otherwise i t  would have N rows w i t h  zero 
aP 
e n t r i e s .  This term i s  obtained by adding y - t o  t h e  c o n t i n u i t y  equation, 
a t  
which i s  why i t  i s  c a l l e d  an a r t i f i c i a l  c o m p r e s s i b i l i t y  f a c t o r  (Ma l ik  and 
P o l l  [1985]). The parameter, y ,  i s  chosen t o  be a very w a l l  nunber and, i n  
t h e  present case, a value o f  lo’’* was used. 
f o r  some of t h e  unimportant eigenvalues; 
This term causes l a r g e  values 
however, i t s  a f f e c t  on t h e  des i red  
eigenvalues i s  n e g l i g i b l e .  Experimentation w i t h  the  value o f  Y w i t h  t h e  
present code i n d i c a t e d  t h a t  t h i s  was indeed t h e  case. 
The above system can be expressed i n  the  f o l l o w i n g  way: 
[K-uM] [ X I  = 0 
where 
x = [I] . 
The eigenvalues are then obtained from the  requirement: 
25 
[M-' K-wI] = 0 . 
* 
Here we have made sure t h a t  M - l  e x i s t s  by adding t h e  term yoP- (as mentioned 
p rev ious l y )  t o  the  c o n t i n u i t y  equation. The remaining procedure i s  s t r a i g h t  
fo rward  and simple. Any Gauss-Jordan a lgo r i t hm w i t h  p i v o t i n g  s t ra tegy  can 
be employed t o  i n v e r t  mat r i x ,  M, and then us ing  a standard QR rou t i ne ,  t h e  
eigenvalues o f  t h e  m a t r i x  M-l K can be evaluated. 
3 
3.3 Resul ts  
The above system o f  equations and boundary cond i t i ons  were solved on 
t h e  vec to r  processor computer (VPS-32) a t  NASA Langley Research Center f o r  
t h e  narrow gap case. It i s  wel l  known t h a t  as t h e  gap d i s tance  shrinks, f o r  
f i x e d  i n n e r  rad ius,  t h e  eigenvalues approach those o f  p lane P o i s e u i l l e  f l ow .  
Therefore, t h e  narrow gap c a l c u l a t i o n  was performed so t h a t  t h e  r e s u l t s  
cou ld  be compared t o  t h e  accurate eigenvalues o f  p lane -Po iseu i l l e  f l o w  
repor ted  by  Orszag [1971]. 
t o  t h e  ax isynmetr ic  t y p e  o f  disturbances where t h e  azimuthal wavenumber, n, 
i s  zero, and the  gap d is tance i s  0.01. The r e s u l t s  o f  these c a l c u l a t i o n s ,  
along w i t h  Orszag's r e s u l t s ,  are tabu la ted  i n  Table 3. 
A l l  o f  the c a l c u l a t i o n s  repor ted  here correspond 
I n i t i a l l y ,  t he  c a l c u l a t i o n s  were s t a r t e d  w i t h  20 g r i d  p o i n t s  and no 
s a t i s f a c t o r y  r e s u l t s  were obtained. That suggested t h a t  t h e  nunber o f  g r i d  
p o i n t s  had t o  be increased. 
eigenvalues found by  Orszag were obtained, b u t  w i t h  o n l y  modest accuracy. 
The number of nodes was increased f u r t h e r  by f i f t e e n  percent from 140 t o  
160. 
t h e  s ide  e f f e c t  of almost doubl ing the cos t  o f  each computer run.  
A f t e r  increas ing t h e  g r i d  po ints ,  many o f  t h e  
However, improvement of t h e  accuracy o f  t h e  eigenvalues was slow w i t h  
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only accurate enough for o b t a i n i n g  rough  estimates for  this type of global 
eigenvalue calcul ation and, therefore, the method was abandoned. Hence, a 
spectral  method has been selected. 
4. SPECTRAL METHOD 
A Chebyshev collocation approach was chosen. Truncated ser ies  o f  
Chebyshev polynomials were employed in expanding the  flow variables.  
Because the problem i s  non-periodic, th i s  form of expansion has the advan- 
tage o f  eliminating terminal discontinuities.  
exhibits a rapid convergence r a t e  as the number of terms increases and clus- 
t e r s  the collocation points (see Eq. 43) near the boundaries.* 
Chebyshev polynomials are defined on an interval of (-1, 1) by 
In addition, the expansion 
The 
T&E)  = COS [k COS-’S~  (36) 
Because the physical range in t h i s  problem i s  (0, l) ,  a simple transforma- 
t i on  i s  made from the physical variable r t o  a transform variable 5 by 
5 = 1 - 2 r  (37) 
where 
-1 < 5 1. 
The mean velocity prof i le  must be transformed s imilar ly  i n  order t o  be com- 
pat ible .  A sanple case is  shown i n  Figs. 5a-5c which correspond t o  Figs. 
la- lc .  
2For a thorough exposition o f  Chebyshev approach, the reader i s  urged t o  
consult the excellent t r e a t i s e s  o f  Gottlieb and Orszag [1977], Gottlieb, 
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Fig. 5. a) Transformed radial velocity, b )  Transformed axial velocity, 
and c) Transformed tangential velocity. 
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L e t  
then 
5 = cos e, 
T k ( c )  = COS ke.  
The p e r i o d i c  na ture  o f  Chebyshev polynomi a1 s i s  apparent from t h e  above 
i d e n t i t y .  
p o i n t s  which are t h e  r o o t s  of t h e  Nth degree Chebyshev polynomial TN(5). 
must be mentioned t h a t  it i s  o n l y  a t  t h i s  se t  o f  p o i n t s  t h a t  one ob ta ins  
spec t ra l  accuracy ( G o t t l  i e b  and Orszag [1977]). 
The governing equations are t h e n  s a t i s f i e d  e x a c t l y  a t  c o l l o c a t i o n  
It 
These p o i n t s  are de f i ned  
by 
where 
j = 0,1,2 ,..., N 
v a r i a b l e  a t  t he  c o l l o c a t  
se r ies .  Next, t h e  f i r s t  
on p o i n t s  with 
and second der 
w i t h  j = 0 and j = N corresponding t o  t h e  c e n t e r l i n e  and wa l l  boundary con- 
d i t i o n s ,  respec t i ve l y .  
An i n t e r p o l a n t  polynomial i s  const ructed i n  terms o f  t h e  values of t h e  
t h e  he lp  o f  t runcated  Chebyshev 
v a t i v e  o f  t h e  v a r i a b l e  a re  e x p l i c i t -  
l y  determined us ing t h e  above i n t e r p o l a n t  such t h a t  (as an example we pre-  
sent  o n l y  v a r i a b l e  F ( 6 )  s ince  t h e  extension t o  o the r  v a r i a b l e s  i s  very  
obvious) 
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N Ij = k20 B j k  Fk 
j = O,l, ..., N 
where A and B 
by Gottl ieb e t  a1 . [1983] as 
are the elements o f  the derivative matrices and are given 
j k  j k  
= - ANN - 2 N 2  + 1 - 
AOO 6 
- - -  w i t h  Co = CN, Cj  = 1, (1 < j < N - l ) ,  
and 
I t  i s  c lear  that  any higher derivative can be obtained by u t i l i z i n g  re la t ion  
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From our t ransformat ion, we o b t a i n  
and 
d2 d d d2 d2 
- =  - ( - ) = 4  = s 2 - .  
dr2 d r  d r  dE2 dS2 
Here S i  and S2 are t h e  s c a l i n g  f a c t o r s  invo lved from t h e  t rans format ion .  
W r i t i n g  t h e  governing equat ions i n  terms o f  t h e  new v a r i a b l e  and evalu- 
a t i n g  at  t h e  c o l l o c a t i o n  points ,  we have 
Cont inu i ty :  
r-moment um : 
Z(i2Re V,) N 
A .  P - .iRe W .  F - 
Jk k J J  
J ] Gj + iReS, 
1-5 j k= 0 
a2F = 0 (45) j 
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0 -momentum : 
2(iRe V . )  N 
J F j  + '2 ' jk Gk -[iReS, I j  + 4(2n) + J (1-Ej)2 ( M j )  k=O 
N 2(iRen V .) 
+ [L - Re u j ]  si 1 A j k  Gk + riReo - -J - 
1-5 j k= 0 l - c j  
Z-moment um 
ReU 1 Bjk Hk + [- - 2 
N 
-iRe sl aW j F .  + s2 
k= 0 1 - 5 j  J a~ j 
N 2(iRe n V . )  - R e a w l  a Z  j - SI C A H + [iRm - J 1-5 j k=O j k  k 
4(n2) Hj  - iaRe W .  H - iaRe P - a2 H = 0 
( 1 - s j  l2 J j  j j 
w i t h  the  boundary cond i t i ons  
a t  5 = -1 
f o r  a l l  n 
I f n = O  
F( -1)  = G( - l )  = H(-1) = 0 
(47) 
= Normal momentum (48) 
5 = -1 evaluated a t  5 = -1 
F ( l )  = G ( l )  = 0 
H ( l )  & P ( l )  a re  f i n i t e  (49) 
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If n = 51 
If In1 > 1 
F ( l )  f G ( 1 )  = 0 
H ( l )  = P ( 1 )  = 0 
F ( l )  = G ( l )  = 0 
H ( l )  = P(l) = 0. 
34 
REFERENCES 
Adams, G. N. and Gilmore, D.C. 1972. Some observat ions o f  vortex core  
s t r u c t u r e .  Canadian Aeronautics and Space Journal , 18, 159-162. 
Batchelor,  G. K. 1964. Ax ia l  f l o w  i n  t h e  t r a i l i n g  l i n e  vo r t i ces .  J. F l u i d  - -  - Mech. 20, 645-658. 
Batchelor,  G. K. 1967. An i n t r o d u c t i o n  t o  f l u i d  dynamics. Cambridge Uni-  -- v e r s i t y  Press, CambrTge. 
Betchov, R. 1965. On the  curva ture  and t o r s i o n  o f  a vor tex  f i l amen t .  J .  - 
F l u i d  Mech. 22, 471-479. --
Bridges, T. J. and Morr is,  P. J. 1984. D i f f e r e n t i a l  eigenvalues problems 
i n  which t h e  parameter appears non l i nea r l y .  J. Comp. Phys. 55, No. 3, - - - -  
437-460. 
Donaldson, C. P. and Su l l i van ,  R. D. 1960. Examination o f  t he  s o l u t i o n s  of  
t h e  rlavier-Stokes equations f o r  a c l a s s  of three-dimensional vo r t i ces ,  
Pa r t  I :  V e l o c i t y  d i s t r i b u t i o n s  f o r  steady motion. Aeronaut ical  
Researcn Associates o f  Princeton, AFOSR TN 60-1227. 
Duck, P. W .  and Foster, M. R. 1980. The i n v i s c i d  s t a b i l i t y  of a t r a i l i n g  
l i n e  vortex.  Z. angew. Math Phys. 31, 523-530. -
Gantmacher, F. R. 1960. The Theory o f  Matr ices.  Vol. I, Chelsea, New 
York, p. 81. 
G o t t l i e b ,  D., Hussaini, M. Y.  and Orszag, S. A. 1983. Theory and a p p l i -  
I n s t i t u t e  f o r  Computer App l i ca t i ons  i n  c a t i o n s  of spec t ra l  methods. 
Science and Engineering, ICASE Report No. 83-66. 
Go t t l i eb ,  D. and Orszag, S. A. 1977. Numerical ana lys is  o f  s p e c t r a l  
methods: 
i n  Appl ied Mathematics, SIAM, Phi ladelphia.  
Theory and Appl i ca t i ons ,  CBIYS-NSF Regional Conference Ser ies  
Graham, J. A. H. and Newman, B. G. 1974. Turbulent t r a i l i n g  vor tex  w i t h  
c e n t r a l  j e t  and wake. The N in th  Congress o f  t h e  I n t e r n a t i o n a l  Counci l  
of t h e  Aeronaut ical  Sciences, I C A S  No. 74-40. 
Gregory, R. T. and Karney, D. L. 1969. A c o l l e c t i o n  o f  mat r i ces  f o r  t e s t -  
Hama, F. R. 1962. Progressive deformation o f  a curved vor tex  f i l a m e n t  b y  
-- 3 computational a lgor i thms. 
i t s  own induc t ion .  Phy_s. F lu ids ,  5, 1156-1162. 
John g i l e y  and Sone p. 116. 
Howard, L. N. and Gupta, A. S. 1962. On t h e  hydrodynamic and hydromagnetic 
s t a b i l i t y  o f  s w i r l i n g  f lows. J. F l u i d  Mech. 14, 463-476. --
Hussaini,  M. Y., S t ree t t ,  C. L. and Zang, T. A. 1984. Spectral  methods f o r  
P a r t i a l  d i f f e r e n t i a l  equations. Transactions o f  t h e  F i r s t  Army Confer- 
ence on Applied Mathematics and Computing, ARO Report 84-1. 
35 
Lamb, H. 1945. Hydrodynamics. Dover, New York, p. 592. 
Lancaster, P. 1966. Lamba-matrices and v i b r a t i n g  systems. Pergamon Press, 
Oxford. 
Lessen, M. and P a i l l e t ,  F. 1974. The s t a b i l i t y  o f  a t r a i l i n g  l i n e  vor tex .  
P a r t  2. Viscous Theory. J. F l u i d  Mech. 65, 769-779. 
Lessen, M., Singh, P. J. and P a i l l e t ,  F. 1974. The s t a b i l i t y  o f  a t r a i l i n g  
l i n e  vor tex.  P a r t  1. I n v i s c i d  Theory. J. F l u i d  irlech. 63, 753-763. 
Leuchter, 0. and Solignac, J. L. 1983. Experimental i n v e s t i g a t i o n  o f  t h e  
t u r b u l e n t  s t r u c t u r e  o f  vor tex  wakes. ONERA, TP, No. 1983-107. 




Mal ik ,  M. R. and Po l l ,  D. I .  A. 1985. E f f e c t  o f  curva ture  on three-dimen- 
s iona l  boundary-layer s t a b i l i t y .  A IAA Journal , 23, No. 9, 1362-1369. 
Maslowe, S. A. 1974. I n s t a b i l i t y  o f  r i g i d l y  r o t a t i n g  f l ows  t o  non-axisym- 
m e t r i c  disturbances. J. F l u i d  Mech. 64, 307-317. - --
Metcalfe, R. W. and Orszag, S. A. 1973. Numerical c a l c u l a t i o n  of t h e  
l i n e a r  s t a b i l i t y  o f  p ipe  f lows. F low Research Report No. 25. 
Orszag, S. A. 1971. Accurate s o l u t i o n  o f  t h e  Orr-Sommerfeld s t a b i l i t y  
equation. J. F l u i d  Mech. 50, 689-703. - --
Ped 
Ped 
ey, T. J. 1968. On the  i n s t a b i l i t y  o f  r a p i d l y  r o t a t i n g  shear f l ows  t o  
non-axi symmetric disturbances. J. F1 u i d  Mech. 31, 603-607. - --
ey, T. J. 1969. On the  i n s t a b i l i t y  o f  viscous f l o w  i n  a r a p i d l y  r o t a t -  
i n g  p ipe.  J. F l u i d  Mech. 35, 97-115. 
Rayleigh, J. W. S. 1916. On the  dynamics o f  r e v o l v i n g  f l u i d s .  Proc. Roy. 
SOC. A, 93, 148-154. 
Widnall, S. E. 1972. The s t a b i l i t y  o f  h e l i c a l  vor tex  f i l amen t .  - -  J.  F l u i d  
Mech. 54, 641-663. 
36 
APPENDIX A 
The three momentum equations plus continuity were discretized using a 
second order accurate central differencing. These equations are: 
Continuity 
(-) 1 (Fj+l-Fj-l)  + - 1 F .  + - n G .  + aH = 0 2Ar r J j 
j 
J r  
j 
r-momentum 
8 -moment um 
(3 c G j t l  - G j - 1  - (- n2+1 + a2) G j ]  2 6 .  + G ‘j+1- j j-1 + 
r 2  
j 
2r. Ar Re A r2 
J 
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I i n  
r 
v 
j Rer r 
+ [ i V  +-IFj  2n + i (-) j Fj  + (-) P j=  0, 
j j j 
z-moment um 
Hj+l - Hj-l - (“2 + a21 2H. + H ‘j+l- j j-1 + (3 [ 
r 2  
j 
A r2 2r. Ar Re 
J 




+ [ i  [-)j] Fj  + iaPj = 0. 
The resul t ing matrices (or system of equations, are 4N x 4N, where N i s  the  
nunber of g r i d  points involved. 
of N the memory requirement becomes very large. 
I t  i s  obvious t h a t  even fo r  moderate values 
GiiC2 t h e  .w.as operatL.na:, I.._ w c  & a . . - A  l W U l l U  U I I  A < S S < ” . . l +  I l L U l  l.4’ lii - c b t d i i i n g  z coil- 
verged solution. Results of a sample calculation are given i n  Table 5. 
These r e su l t s  show tha t  despite an i n i t i a l  decrease i n  the residual,  i t  
grows very f a s t  and diverges quite rapidly. 
the small nunDer of g r i d  points rniyht have caused the problem o u t  a substan- 
t i a l  increase i n  the number of g r i d  p o i n t s  showed tha t  t h i s  was n o t  the 
case. 
cause of the divergence. 
involved (such as the nunber of grids, second order accuracy, boundary 
conditions, e tc . )  were too many t o  allow any d i rec t  checking o f  each factor  
A t  f i r s t  i t  was believed that  
Next, attention was given t o  the accuracy of the method as a possible 
I t  was realized tha t  the number o f  unknown fac tors  
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Table Al. Sample c a l c u l a t i o n  showing convergence problem (M i s  t h e  nunber o f  











































































separate ly .  Nevertheless, we knew t h a t  i t  was e s s e n t i a l  t o  p i n p o i n t  t h e  
exact cause of t he  d i f f i c u l t y .  Therefore, a model problem was chosen so 
t h a t  a qu ick  ana lys i s  of some o f  t h e  above unknowns was poss ib le  i n  a sho r t  
time; and a t  t h e  sane t ime the  problem had been solved by o ther  workers so 
t h a t  comparison cou ld  be made. 
The temporal s t a b i l i t y  o f  P o i s e u i l l e  f l o w  i n  annulus was thought t o  be 
an i dea l  case f o r  t he  above purpose. 
APPENDIX ij 
AXIAL VELOCITY PROFILE I N  CONCENTRIC CYLINDERS 
The a x i a l  v e l o c i t y  f o r  t h e  P o i s e u i l l e  f l o w  i n  an annulus i s  g iven  by 
where PI, P2 are t h e  pressure, L i s  the  length  o f  t h e  pipe, u i s  t h e  dynamic 
v i s c o s i t y ,  a and b are  t h e  i nne r  and outer  rad ius,  r e s p e c t i v e l y  and r* i s  
t h e  dimensional r a d i a l  distance. 








t = -  = 
K = -  
r* = r (  b-a) 
2 
then t h e  v e l o c i t y  p r o f i l e  i s  transformed t o  
o r  
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Furthermore, i t  would be advantageous i f  we normalized t h e  above p r o f i l e  
w i t h  respec t  t o  the  maximum v e l o c i t y  occurr ing i n  the  annulus. Therefore 
(6B)  
K2-1 1 - -  dW - - 2 c + -  - 
an K e dE 
the  maximum v e l o c i t y  occurs where 
w i t h  
Then eva lua t i ng  the  v e l o c i t y  
o r  
which r e s u l t s  i n  
With more simp1 i f i c a t i o n  we deduce 
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Now normal iz ing t h e  v e l o c i t y  w i t h  t h e  above maximum value, we g e t  
Since we want t h e  non-dimens 
gap distance,  t h a t  i s  
o n a l i z a t i o n  t o  be wi th  respect  t o  ha 
Then form (28)  we obta in  t h e  l i m i t s  on 5 as 
f o f  t h e  
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